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Big O Notation

Big O notation is used to describe the growth rate of different functions.

For example, we would like to say that ex grows faster than 100x100 and Big O notation
enables us to do that.

There are five symbols used: O, o, Ω, ω, Θ.

For this talk, it (mostly) suffices to know that o(1) means something which goes to 0 as
n → ∞.
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Transversals in Latin squares

Definition

A Latin square of order n is an n × n array filled with n symbols so that each symbol appears
exactly once in each row and each column.

Definition

A transversal of size k is a collection of k cells in the array, no two of which share row, column
or symbol. A transversal of size n is also called a full transversal.

Does every Latin square of order n have a full transversal?

No - consider the Latin square of order 2.
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Full transversals in Latin Squares?

Claim

For even even integer n ∈ N there exists a Latin square of order n with no full transversal.

Observe that the Cayley table of any (finite) group G forms a Latin square.

Consider the group Z2m and the Latin square which is associated to its addition table, and
suppose that T is a full transversal for it.

Then, ∑
g∈Z2m

g =
∑
x∈T

entry(x) =
∑
x∈T

(row(x) + column(x)) = 2 ·
∑

g∈Z2m

g .

However, as ∑
g∈Z2m

g = m

in Z2m, we obtain a contradiction.
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The Ryser-Brualdi-Stein Conjecture

The Ryser-Brualdi-Stein Conjecture (1960’s)

Every Latin square of order n has a transversal with at least n− 1 cells, and a full transversal if
n is odd.

In 1969, Koksma argued that every Latin square of order n contains a transversal of size
at least 2n/3.

In 1977, Drake improved this to 3n/4.

In 1978, independently Brouwer, De Vries and Wieringa as well as Woolbright, improved
this bound to n −

√
n.

In 1982, Shor gave a proof improving this bound to n − O(log2(n)). (Though this paper
contained an error which was only noticed and fixed in 2008 by Hatami and Shor).

In 2022, Keevash, Pokrovskiy, Sudakov and Yepremyan improved this bound to
n − O(log n/ log log n).
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The Ryser-Brualdi-Stein Conjecture - resolved for large even n

The Ryser-Brualdi-Stein Conjecture (1960’s)

Every Latin square of order n has a transversal with at least n− 1 cells, and a full transversal if
n is odd.

Theorem (Montgomery 2023+)

There is some n0 ∈ N such that every Latin square of order n ≥ n0 contains a transversal of
size n − 1.
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Equi-n-squares

Definition

An equi-n-square is an n × n array filled with n symbols so that each symbol appears exactly n
times.

Stein’s Conjecture (1975)

Any equi-n-square has a transversal of size n − 1.

In 1975, Stein proved that any equi-n-square has a transversal of size at least (1− 1/e)n.

This bound was improved in 2017 by Aharoni, Berger, Kotlar and Ziv to 2n/3.

It was further improved in 2024+ by Anastos and Morris to (3/4− o(1))n.
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Stein’s Conjecture

Stein’s Conjecture (1975)

Any equi-n-square has a transversal of size n − 1.

Theorem (Pokrovskiy and Sudakov 2019)

For all sufficiently large n, there exists an equi-n-square, which has no transversals larger than
n − log n/42.

Question (Pokrovskiy and Sudakov 2019)

In any equi-n-square, is there always a transversal of size (1− o(1))n?
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Results

Theorem 1.1 (Chakraborti, Christoph, Hunter, Montgomery and P. 2024+)

There exists ε > 0 such that every equi-n-square contains at least n− n1−ε disjoint transversals
of size n − n1−ε.

Theorem 1.2 (Chakraborti, Christoph, Hunter, Montgomery and P. 2024+)

For each n ∈ N, there is an equi-n-square with no transversals of size n −
(

1
2
√
2
+ o(1)

)√
n.
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Proof of Theorem 1.2 - when n = 2m2

Theorem 1.2 (Chakraborti, Christoph, Hunter, Montgomery and P. 2024+)

For each n ∈ N, there is an equi-n-square with no transversals of size n −
(

1
2
√
2
+ o(1)

)√
n.
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Lower bound - an easy case

Theorem (Pokrovskiy and Sudakov 2019)

Fix any ε > 0. Let S be an equi-n-square for which each symbol appears at most o(n) times in
every row and column. Then S has a transversal of size (1− ε)n.

Theorem (Rödl’s Nibble)

Fix ε > 0 and r ∈ N, the following holds for sufficiently large m and d . Let H be an r -uniform,
d-regular, m-vertex hypergraph with every pair of vertices u, v satisfying d(u, v) ≤ o(m). Then
H has a matching with (1− ε)m/r edges.
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Lower bound - proof sketch of a toy example

Asymptotic version of Stein’s conjecture

Let S be an equi-n-square. Then S has a transversal of size (1− o(1))n.

a) b) c) d)
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Further Comments

We believe that the constant in Theorem 1.2 is unimprovable, due to how natural the
construction is.

We suggest the following to replace Stein’s disproved conjecture:

Conjecture (Chakraborti, Christoph, Hunter, Montgomery and P. 2024+)

There exists C > 0 such that every equi-n-square has a transversal of size at least n − C
√
n.
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Thank you for listening!
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